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Fluctuating turbulent stresses in the
noise-producing region of a jet

By TIAN S. F. JONESY

Department of Mechanical Engineering, University of Waterloo,
Waterloo, Ontario

(Received 14 May 1968)

Measurements of the fluctuating turbulent stresses (u,u;)’ in the mixing layer
of a two-dimensional jet are presented. These include the intensity, spatial
correlation and the wave-number frequency spectra of the fluctuating stresses.
The acoustic spectrum perpendicular to the axis of a jet can be approximated
with the aid of assumptions about jet similarity and a knowledge of the four-
dimensional wave-number frequency spectrum at zero wave-number. In the
present paper the four-dimensional spectrum was inferred from measured two-
dimensional spectra and the self-noise spectrum perpendicular to a round jet
estimated. Good agreement was obtained with measured acoustic spectra.

1. Introduction

Lighthill (1952) has connected the acoustic density fluctuations p’ to the stress
field for a region of turbulence. For an observer at X in a medium with a density
po and with a speed of sound «,, the acoustic density fluctuations are

’(x)—ﬂj—ff v;0;(y,7) & (L.1)
P = g x3) arePote? > 1Y :
where 7 is retarded time and the volume integration is performed over all space.

The expression for the acoustic density can be expanded by writing for the
velocity v;its mean and fluctuating components U; + u; and by manipulating (1.1)
with the aid of the equations of motion (for example, see Jones (1968), amongst
others). The resultant expression, which contains shear-noise terms and self-
noise terms, is

100) = s | 25 G Putens +000) + e | (9,1 v, (12
where we have neglected some terms involving higher-order derivatives of

oUy/oy,.

In order to provide a better understanding of the acoustic radiation from a jet,
a series of measurements of the stresses has been made. Because the time differ-
entiation in (1.2) eliminates the mean part of the stress, only the fluctuations
about the mean were considered. The jets studied differed from many previous
jets investigated in that the mixing layers sprang from a nozzle with turbulent
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530 I.8.F. Jones

boundary layers. This situation was studied as it was felt to more closely resemble
the most important practical source of aerodynamic noise, the aircraft turbine
engine.

2. Apparatus

The instantaneous velocities were sensed by 0-0002 in. diameter platinum
plated tungsten wires, 0-04 in. long, heated by DISA 55A01 constant current
anemometers. The signal processing was done with the aid of Philbrick opera-
tional amplifiers, the overall frequency response ( — 3 db) extending from 0-4 ¢/s
to 15 ke, Care was taken to see that all components had a peak tor.m.s. capability
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FicoreE 1. Wind tunnel with nozzle no. 2 showing co-ordinates used.

Nozzle no. 2

Size 18in. x 4in.
Exit velocity U, = 113 ft./sec
Free stream turbulence Jui/U, = 0-0015
Wall boundary layer 0p.905 = 0-10in.
Momentum thickness ¢ = 0013 in.
Shear stress coefficient ¢, = 0-0050

TasLE 1. Nozzle data.

of 10:1. The time averaging was performed by passing the signal through a
voltage-to-frequency converter and counting the number of pulses over periods
up to 100 sec. A Bruel and Kjaer 2112 spectrum analyzer was used to measure
the spectra while the filtered correlations were obtained with the aid of two-phase
locked Hewlett Packard 302 A wave analyzers.

The measurements in this study were made downstream of a two-dimensional
nozzle which was designated nozzle 2. This exit had slightly convergent walls
arranged so that the boundary layers were bled off 5 in. upstream of the exit.
The air was supplied by a fixed speed 3 h.p. centrifugal fan, the arrangement
being shown in figure 1. The exit conditions of the nozzle are listed in table 1.

3. Velocities

The mean velocity profile across the jet is shown in figure 2 for the downstream
position ¢, = 10 in. (i.e. 2-5 exit widths).

The intensity of the velocity fluctuations, shown in figure 3, exhibits a marked
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departure from the results of Bradshaw, Ferriss & Johnson (1964). In Brad-
shaw’s round jet, exit diameter 2 in., the maximum values of \/u?/U, and \u3/T,

were much the same while the maximum value of /u}/U, was about 79, less than

the former pair. The present results with smaller values of \u%/U, compared with
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Yy (in.)
F1oure 2. Mean velocity profile. Nozzle no. 2, ¥, = 10 in.

-1- 020

L I 1 i
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Y, (in.)
Fieure 3. Turbulent velocities. Nozzle no. 2, y, = 10in., Uy = 113 ft.fsec. x, yu3/Uy;
Ay NuR Uy v, JudfU,.

Ju2[U, are more in agreement with the measurements of Liepmann & Laufer
(1947) on a two-dimensional jet. Measurements within the first diameter down-
stream of an 8 in. diameter round jet also showed a marked difference between
the lateral and longitudinal intensities. This evidence leads one to suggest that
the radius of curvature may be important in determining the relative magnitude
of the maximum intensities.

34-2



532 I.8.F. Jones

The maximum intensity of \u2/U, at a number of cross-sections is plotted
against distance downstream in figure 4. In the boundary layer on the nozzle
walls, the maximum value of the root mean square of the longitudinal velocity
fluctuations divided by the square root of wall shear stress,

@ Jr, = 20
is a little below that measured by Laufer (1955) in the inner layer of a pipe.
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010 ! ] - 1 1 1 )
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yy (in.)

Ficure 4. Maximum turbulent intensities at a cross-section. Nozzle no. 2.

The maximum turbulent intensities measured are rather higher than measured
values for nozzles with laminar boundary layers (Bradshaw et al. (1964) measured
a maximum intensity 0-14). Lower values of intensity have been measured by
the author on nozzles with lower wall shear stress.

4. Intensity of stress fluctuations

The turbulent Reynolds stresses, divided by density, can be written as the
product of the turbulent velocities u; and «;. We will denote the fluctuations of
this product about its mean as

(wyu;) = wzw; —uu;

and the intensity of the stress fluctuations relative to the nozzle exit velocity,
U, as R

0 (w;u;) (w )

Us
While this intensity represents in general 21 terms, in the two-dimensional
situation the terms containing odd powers of #; vanish and so there are only 13
possible non-zero products. These products are listed in table 2,
Products with interchanged indices can be related to each other by expanding

the product of the total stresses from the fluctuating velocities into their mean
and fluctuating components. One can write

Uty Uy U, = [(Ug )"+ U5 ] (U 0,) + Uyt ]
= (uiui)’(ulum)’ + U U Uy Uy

or u’iulu]’ Uy = (uiul),(ujum)l +WE“: WUy«
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534 I.8.F. Jones

Thus products such as (u;u,) (4,u,)" were calculated from fluctuating stress
products such as 43’ 4? and the appropriate mean stresses.

Eleven of the stresses which were either measured directly or calculated are
shown in figures 5-8. The stress product (u,u,)'? was measured with a four-wire
arrangement in contrast with the other stresses which were measured with single

0001
A
0-0005 4
L 1 1 1
-1-0 —05 ¢ 0-5 10
Y, (in.) ¥y (in.)
FicurE 5 Figure 6

Ficurk 5. Fluctuating normal stress profiles. Nozzle no. 2, y; = 10 in., U, = 113 ft./sec.
%, VUL A, VULV, @22]US.
Ficure 6. Fluctuating turbulent stress profiles. Nozzle no. 2,y; = 10in., U, = 113 ft./sec.

X, U3 (uyuy) UG A ud’(uy u,) UG,
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Figure 7. Fluctuating lateral turbulent stress profiles. Nozzle no. 2, y, = 10 in,
U, = 113 ft./sec. x, (uyus)2/Uds A, (wyus)2/Us; Vv, (ugug)?/Us.

Ficure 8. Fluctuating turbulent stress profiles. Nozzle no. 2, y, = 10 in., U, = 113 ft./sec.
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or crossed wires. The value obtained is below that measured by Bradshaw ef al.
(1964) who used only two wires.

In table 2 the maximum measured value of the mean square of stress fluctua-
tions has been compared with the maximum values of the appropriate mean
square velocity fluctuations. The stress products which are the result of two
different stresses have been expressed in terms of the product of the maximum
r.m.s. value of the individual stresses. This method of presentation was chosen
to minimize the dependence of the stress products on the magnitude of the
velocity fluctuations, i.e._u?, @Tﬁ, 4}, in any particular jet.

The mean product of the fluctuating normal stresses is related to the fourth
moment of the probability distribution of the appropriate velocity by relation-
ships such as

(W) _, _ (4.1)
(ud)? (u})?

The quantities listed in table 2 are not exactly analogous to that on the right-
hand side of (4.1), since the maximum value of the stress and velocity need not
occur together. The differences in the present case, however, are small. The
fourth moment of the longitudinal velocity fluctuation %, was found to be 2-4 at
Y, = 0 by Davies & Fisher (1963) and the present value of 2-8 for the fourth
moment, calculated from the % 4%’ product, is higher. Part of the difference is
due to the use of non-linearized wires in the present experiment in contrast with
Davies & Fisher’s linearized wires. When the anemometer was linearized before
squaring the fluctuating signal a 20 %, reduction in the fourth moment at y, = 0
was observed. All the stresses presented will be influenced by the non-linear
anemometer response.

5. Correlation coefficients

The two-point correlation coefficient of the fluctuating stresses (u,;u;)" and
(wyu,,)" can be defined as

w;ui(y, 0)uyt, (y + 1)
w;ui(Y, 0) wyup,(y, 0)

Ry, r,t) =

b

where ¢ is time difference.

The correlation of the longitudinal normal stress was measured for separation
along its three axes for zero time separation. These correlations, R;,; (¥, 7;,0),
Ri311 (¥, 72, 0) and Ey;,;(Y, 73, 0), have no negative regions along the three axes
in contrast with the corresponding velocity correlation

u3(Y,0) uy (¥ +1,0)
ui(y,0)
where continuity requires at least some regions of negative correlation. Because
of the good low frequency response of the equipment used (lower —3db point,
0-4 ¢/s) no correction for low frequency cut-off was made.
The three integral stress length scales, %, %, and %, defined similarly to

LAY = fo By3111(Y, 71, 0)dry

B, (y,r,0) =

2
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are shown along the line y, = 0 in figure 9. Also shown in this figure are the stress
length scales measured at 4 diameters downstream of a circular nozzle by Chu
(1966). These length scales are significantly lower than the present measure-
ments and as well Chu reports a region of negative R, (¥, 71, 0) correlation. Both
these differences can be attributed to the poor low frequency response (—3db at
20 ¢/s) of the instruments used by Chu who discusses this point in some detail,
concluding his measured length scales may be 10-20 %, too low.

4 8 12 16 20 24 28 32
¥ (in.)
Ficure 9. Length scale of stress along y, = 0. Nozzle no. 2, U, = 113 ft.fsec: A, F;;
[, Z5; Qs £ Chu (1966), y, = 4 diameters, U, = 142 ft./sec: A, L3 O, Lo Q, L

6. Frequency spectrum

The frequency spectrum of the fluctuating stress can be defined in terms of
the auto-correlation as

2 w0
Piim (Y, ) = (7_r) fo Ry (¥, 0,1) cos widt. (6.1)

The spectrum of the normal stress, ¢,;,;, and the spectrum of the velocity, ¢,,,
defined in a similar manner to (6.1) using Ry, (¥, 0,¢), have been measured and
are presented in figure 10 against co-ordinates normalized by the jet centre line
velocity, Uy, at this position. The «2 fluctuations are the square of the velocity
fluctuations and so the Fourier components of »2 will be the result of the sum
and difference of Fourier components of the velocity. Thus the spectrum of the
stress fluctuations is flatter than the velocity spectrum and contains more energy
at high frequencies.
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7. Four-dimensional Fourier transform

A more general Fourier transform of the stress correlation, and one of particular
interest in the generation of aerodynamic noise, is

My (v, K, 0) = (2/7)* f ? f Ow Ripm(y, 1,0 cosk. 1 cos wtdrdl,  (7.1)
0

where M;;,,(y,k, w) is simply related to the spectra defined over all space only
in restricted cases.
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Fraure 10. y; = 10in., y, = 0, U, = 113 ft./sec: — — —, velocity spectrum ¢, ;

, Stress spectrum @yqy;.

The spectrum of the normal stress 3’ is determined most conveniently by the
experimental technique used by Wills (1964) to obtain an analogous spectrum
of the velocity fluctuations. The stress «}" was filtered by a narrow band filter
with centre-frequency w, at two points and these signals used to obtain the
correlation R (w, r) which is defined by

My (¥, k, @) = (2/7)? p1a11 (¥ w)fom RB(w,r)cosk, rdr. (7.2)

The filtered correlation has been measured at y, = 0 along the three separation
axes, i.e. R(w,r,), R(w,ry) and R(w,rs). The correlations R (w,r,) and R(w,r;)
were monotonically decreasing functions without observable negative loops,
but the correlation with separations in the mean flow direction, R (w, r,) resembled
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a damped cosine curve. Its form, shown in figure 11, resembles the filtered
correlations of the fluctuating velocity measured by Wills (1964).
The filtered length scales were defined as

L} =f R(w,r,)dr; (nosummation)
0

and the lateral scales L¥ and L¥ measured directly from the correlations. These

scales are shown in figure 12 plotted against Strouhal number

S = wy,/U.
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Ficure 11

Ficure 11. Filtered correlation coefficient. Nozzle no. 2, y, = 5in., y, = 0, Uy = 113
ft./sec, w = 342 ¢/s. , exp — (ry/4y,) cos (rw/U,).

Ficure 12. Filtered length scales. Nozzle no. 2, y, = 0, U, = 113 ft./sec. O, y, = 5 in.,
Lf; A,y = 10in., L¥; O, y, = 5in., L¥.

Rather than integrate the longitudinal correlation directly, the curve

©ry

—1 [—
exp [Ayl]cos T, (7.3)

where U, a convection velocity, and 4 are allowed to vary, was fitted to the
meagsured correlation. Equation (7.3) was then integrated analytically to obtain
the length scale. The values of 4 which provided the best fit to the results are
shown in figure 13 and the length scale LT calculated from (7.3) is shown in
figure 14.

The four-dimensional spectrum at zero wave-number follows from (7.2), i.e.

Myuna(¥,0,) = (2} e (¥, 0) f * Rw, n)dr (7.4)

and can be calculated from the present measurements with the assumption that
the correlation B (w, r) can be separated with regard to the space variable as

follows R(w, 1) = R(w,7;) R(0,75) R(w,15). (7.5)



Fluctuating turbulent stresses 539

04~

S,k .
*.q"' v /.[0 ,‘o Ry () dwdry
(Ol
01
0 ‘ ' ' ' I 1 )
5 10 15 20 25 0 L T L s
wy/Uey, e
Figure 13 nlUer

Figure 13. The coefficient A in the filtered correlation coefficient, R (w, r,). Nozzle no. 2,
Y, = 8in., y, = 0, U, = 113 ft./sec.

Ficurs 14. Frequency dependent length scale. Nozzle no. 2, y; = 5in., ¥, = 0, U, = 113
ft./sec.
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F1gurEe 15. Four-dimensional stress spectrum, zero wave-number.
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Notice that this assumption, that the correlation is separable in space, does not
imply that it is separable in time and space. In fact the strong frequency depend-
ence of the length scales in figures 12 and 14 show that separation in time and
space may lead to a poor approximation for R (w, r).

Using equation (7.4) and the results in figures 10, 12 and 14, the spectrum
M;111 (Y, 0,w) was calculated and is shown in figure 15 plotted against non-
dimensional co-ordinates. One should remember, however that

f fwMuu(Y: k,w)dodk = 1,
0o Jo

8. Acoustic spectrum

The zero wave-number spectrum of the previous section is important in aero-
dynamic noise because, as Ffowes Williams (1963) has shown, the acoustic
spectrum is related to the appropriate stress spectra at k = 0. At right angles
to the jet axis the expression for the acoustic radiation from a round jet is con-
siderably simpler than the more general spectrum, so we will attempt to predict
the acoustic spectrum at this position from the turbulent stress spectrum.

One can see from the expression for the acoustic fluctuations, (1.2), that the
shear noise terms that radiate sound at right angles to the jet axis involve
gradients of lateral velocities, i.e. 0U,/dy, and 0U,/dy,. These gradients are an
order of magnitude smaller than typical time scales in a round jet, since the jet
spreads slowly. Thus the acoustic density fluctuations normal to the jet are
generated mainly by self noise terms and can be written

'(x) = G [ & :
P00 = ot [ ot vy, (8.1)

where the time differentiation eliminates the mean part of w,u;.

Ffowces Williams (1963) has derived the connexion between the acoustic
spectrum W (w) and his turbulence spectrum H,;, (y,k,w) and we write his
equation (3.9) for radiation at right angles to the jet (using a fixed frame of
reference)

~ | T ey -
W () 2p0a8f s @ Hon (3,0, )y, (8.2)

where, if M;,,(y,0,®) is an even function of w,
Hijlm(y7 0’ - ")) = P% (uiuj)’(ulum)’ ‘Zu:ijlm (ya 07 a)) (IIO Summa’tion)'

If we proceed to argue dimensionally we can place (u;u;)'(u;u,,)" proportional
to the jet centre line velocity Usy and M, (v, 0, w) proportional to M, (¥, 0, w).
For a self-preserving mixing layer the cross-sectional area of turbulence is an
annulus of width y,, and this area, even past the end of the uniform core, can be
considered proportional to y,. With these substitutions (8.2) can be rewritten

W () ~ f U0 M0 (5, 0,091 (8.3)
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The non-dimensional spectrum, w*(Upgyfy,)M;q1;(¥,0,8) is plotted against
Strouhal number wy,/Ug;, in figure 16. The same spectrum computed by Chu
(1966) from his measurements of correlations, using the assumption that time
and lateral displacements are separable, is also shown in figure 16. Chu’s spectrum
peaks at significantly higher frequency and the apparent extra energy at high
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FicorE 16. Stress spectrum: ———, present results; ———, Chu (1966).
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Ficure 17. Acoustic spectrum: , predicted ;

— — -—, Mollo-Christensen et al. (1964).

frequencies is, in part, due to the fact that Chu neglected the reduction in the
region of correlation in the lateral direction of higher frequency components (as
reflected by L¥ and L¥). The zero wave-number spectrum, one should remember,
is equivalent to a volume integral of the stress.

The normal stress, u2, is only responsible for radiation in the direction of the
jet axis and not normal to it, but this does not effect the usefulness of the spec-
trum, M;,;,(y,0,w), as an approximation to those stress spectra which are
responsible for radiation normal to the jet.
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The acoustic spectra measured by Mollo-Christensen, Kolpin & Martuccelli
(1964) are part of a most carefully performed experiment and the centre-line
velocity of the jet, Uy, is available in the results presented by Kolpin (1964). The
acoustic spectrum has been calculated from (8.3), assuming the spectrum in
figure 15 applies for all positions within the jet and using the centre-line velocity
from Kolpin (1964) for an exit Mach number 0-8 and an exit diameter 1 in, This
spectrum is compared in figure 17 with an arbitrary multiple of the acoustic
spectrum at right angles to the jet measured by Mollo-Christensen et al. (1964).
The 1in. spectrum was chosen because the nozzle boundary layers were turbulent.
The small nozzle examined by Mollo-Christensen et al. had laminar boundary
layers and so is not well represented by the assumption that the stress intensity
near the exit is proportional to U,y. The measurements of Bradshaw (1966) in the
region close to a nozzle with laminar boundary layers shows a region of very high
turbulence downstream of the transition point. This region close to the exit will
radiate sound of high frequency, and so possibly lead to an increase in the
acoustic energy at these frequencies. This appears to be the case as the acoustic
spectrum measured by Mollo-Christensen et al. (1964) on the 0-5 in. jet does have
a greater proportion of energy at high frequency than the spectrum from the 1in.
jet.

9, Conclusions

The three turbulent intensities, u2/U,, \/u3/U,, \/u2/U, in the two-dimensional
jets were significantly different from each other in contrast with small round jets
where the three intensities are approximately equal. The stress intensities,
together with the stress length scales have been measured and should be useful
for estimating the intensity of noise radiated.

In a jet, it seems that the four-dimensional stress correlation coefficient cannot
be successfully separated in time and space. Thus measurements were made of
frequency filtered signals to obtain the transform of the correlation rather than
directly measuring the correlation itself. The difficulties in measuring the time
differentiated stress correlation, needed for aerodynamic noise prediction, are
considerable. If the stresses are time differentiated before measuring the corre-
lation, the dominant components occur at very high frequencies where the
correlations are small (outside the range of Strouhal number presented for the
filtered length scales). These small length scales are difficult to measure accur-
ately. If on the other hand the auto-correlation of the stress is measured and
differentiated numerically, as Chu (1966) did, one has the difficulty of perform-
ing accurate numerical differentiation.

The agreement between the acoustic spectrum predicted with the aid of
Lighthill’s quadrupole theory from the turbulent stress measurements and the
measured acoustic spectrum demonstrates the usefulness of turbulent stress
measurements in understanding aerodynamic noise.
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